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Recovery Guidance Satisfying Input and State Constraints:
Rate Saturating Actuator Example

Santosh Devasia* and George Meyer'
NASA Ames Research Center, Moffett Field, California 94035-1000

When a fixed regulator is used to stabilize a desired state trajectory (guidance law), large initial tracking errors
can lead to input saturation, which can result in performance deterioration. A method to modify the guidance law
for recovering state-trajectory tracking (without violating input and state constraints) is presented. Although it
may be feasible to find such a satisfactory recovery guidance maneuver for a given initial tracking error, online
development of recovery guidance maneuvers may not be computationally tractable. A technique is developed to
use precomputed recovery guidance maneuvers (precomputed for a finite set of initial tracking errors) to generate
recovery guidance maneuvers for other initial errors. The technique is applied to an illustrative example with a
rate-limited servoactuator, and simulation results are presented.

Nomenclature

E = set of initial errors for which recovery guidance is
precomputed

e(’) = trajectory tracking error, x(-) — Xrer(:)

K = state-trajectoryregulator’s gain (feedback gain)

u(-) = input to the system

U (-) = feedback part of the input u

usg(+) = exact-tracking feedforward part of the inputu

Vi) = set of acceptableinitial errors, characterized by the
vectors a and 3

X = set of initial conditions for which recovery guidance is
precomputed

X = state of the system

X mod = modification (during recovery guidance) of the
reference state trajectory Xres(-)

Xrer () = exact-trackingreference state trajectory

y = system output

ya() = desired output trajectory

8y = output of rate-limited servoactuator

I. Introduction

NVERSION of system dynamics can be used for precision out-

put tracking control, for example, in aircraft control'? and in air
traffic control (ATC).*> For example, in automated flight manage-
ment systems, tracking of an accepted clearance (flight plan cleared
by the ATC) can be achieved by the following. First, the clearance
is converted to an executable reference flight path (desired output
trajectory).* Second, this flight path is convertedinto a guidancelaw
(exactoutput-trackinginput-statetrajectory) found, for example, by
using an inversion-basedapproach3~7 Third, flight-path tracking is
achievedby stabilizingthe guidancelaw by using a trajectoryregula-
tor (see Fig. 1). However, relatively large tracking errors (or a large
external disturbance that can be modeled as a tracking error) can
lead to saturation of the inputs and can lead to the violation of state
constraints. Such constraintviolationscan lead to loss of control and
eventual loss of output tracking. The present work addresses the is-
sue of modifying the guidance law to recover output tracking (from
large tracking errors) without violating input and state constraints.
The recovery guidance problem is addressed in the framework of
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general linear systems, and an example is provided to illustrate the
technique.

A. Problem Description

The control scheme studied (shown in Fig. 1) is composed of a
feedforward part and a feedback part. One approach to the design of
such a combined feedforward/feedback controlleris the stochastic
optimal feedforward feedback technology (SOFFT) developed at
NASA Langley Research Center,? where the pilot’s commands are
filtered by the feedforward controller and a command (guidance) is
generated for the feedback part to regulate itself against. A related
approach is to invert the system dynamics to find the guidance law
for a desired output trajectory, see, for example, Refs. 1, 3, 5, 6,
and 9. A significant problem with these approachesis that relatively
large initial trackingerrors can lead to violation of actuatorand state
constraints that can lead to performance degradation. This problem
becomes significant if high gains are used in the feedback regulator
to achieve tighter trajectory tracking. With high gains, the feedback
regulator can only operate for a limited range of tracking errors
and large tracking errors can cause saturation effects, which lead to
performancedeterioration. Such large tracking errors can be caused
by a large external disturbance (modeled as a tracking error). Large
initial tracking errors can also be caused when switching through
a sequence of flight modes, for example, when transferring from
a level-flight mode to an instrument-landing mode. The goal of
the present paper is to study the recovery of trajectory tracking
from large tracking errors for a given feedback regulator. Thus, the
approach augments existing feedforward/feedback controllers, like
SOFFT,? by enlarging the range of initial tracking errors from which
trajectory tracking can be recovered.

B. Relation to Prior Work

The problem of controlling systems with actuator and state con-
straints has been extensively studied in the literature, see, for exam-
ple, Refs. 10-12 and the references therein. The problem of output
tracking for systems with constraints has also been addressed.'* For
applications to aircraft manual flight control, see Ref. 14 and the
references therein. All these approaches require access to the feed-
back regulator (K in Fig. 1). In contrast, the present work develops
an alternate approach that does not modify the regulator per se, but
effectively bypasses it through recovery guidance maneuvers that
modify the primary guidance law. Such an approach that does not
modify the regulatoris important to systems where the regulatoris
not easily accessible to modifications. For example, in the design
of flight management systems, modifications of the regulator can
require extensive testing and recertification, whereas the proposed
open-looprecovery guidance can be (relatively) easily incorporated
into the software.
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Fig.1 Control scheme.

Other approaches prevent constraint violations by using com-
mand limitersand commandrate limiters (see, forexample, Ref. 15).
However, these techniquescan lead to large trackingerrors. It is also
possible to modify the guidance law by designing less-aggressive
maneuvers that recover tracking without violating state and input
constraints. Such recovery maneuvers tend to depend on the partic-
ular initial trajectory tracking error. Additionally, the selection (de-
sign) of a recovery maneuver tends to require extensive simulations
and iterative redesigns. Further, the recovery guidance maneuver
has to be redesigned for each different initial tracking error. Thus,
although recovery guidance can be precomputed for a given initial
error, the real-time design of a recovery maneuver may not be com-
putationally tractable. The main result of the current paper is the
developmentof a methodology that does not require online compu-
tation of the recovery guidance maneuvers; rather, in the spirit of
the work by Mayne and Schroeder,!® the recovery guidance maneu-
ver is generated as the linear combination of precomputedrecovery
maneuvers.

C. Format of the Paper

We begin with a description of the guidance scheme in Sec. II,
followed by the developmentof recovery guidance maneuvers from
precomputedmaneuversin Sec. III. An optimal approachto develop
recovery guidancemaneuversfora giveninitial trackingerroris pre-
sentedin Sec.IV, followed by an illustrativeexample and simulation
results in Sec. V. Our conclusions are in Sec. VI.

II. Primary Guidance Scheme
Let the system be described by

x(t) = Ax(1) + Bu(1), y(@) =Cx(1) o))

wherex () € R" is the state, u(r) € R is the input,andy(r) € N is
the output. Additionally,let a state feedbacku(t) = Kx(t) be given
such that the closed-loop system is stable,i.e., A + BK is Hurwitz.
In all of the following discussions, the feedback K is kept constant.

Given a desired output trajectory y,(-), the primary guidance
scheme (see Fig. 1) finds a nominal input-state trajectory [zs(-),
X¢(-)] that satisfies the system equations (1) and yields the desired
output exactly, i.e.,

xrcf(t) = Axrcf(t) + Buff(t)a yd(t) = ercf(t)

Vt € (—o00,00) (2)

Next, the exact output yielding state trajectory x.¢(-) is stabilized
by using state feedback (see Fig. 1). The control law is

u(t) = ug(t) + Kx(t) — xer(1)] 3)
With this control law, the dynamics of the tracking error
e(t) = x(t) — Xrer(1)
is obtained from Eqgs. (1) and (2) as
e(t) = (A+ BK)e(t) “4)

Because A + BK is Hurwitz, x(t) — X.(t) and y(t) — y,(¢)
as t — oo and, therefore, output tracking is achieved. It is noted
that in this output tracking scheme, the reference state trajectory
Xrf(+) and the feedforward input u(-) can be computed offline. It
is also typical for the desired output trajectory to be a composition
of several predetermined subtrajectories, and the primary guidance
scheme may concatenateseveral precomputed guidancelaws. These
primary guidance laws could be found using inversion of the plant

dynamics (for systems with same number of inputs as outputs see,
e.g., Refs. 3,5, 9, and 17, and for actuator-redundant systems see
Ref. 18).

A critical problem with the preceding guidance scheme is that
large errors between the reference state trajectory and the actual
system state at the beginning of a maneuver can lead to actuator
saturation and to substantially deteriorated performance. Note that
the input-saturationproblem is accentuatedif a relatively high-gain
regulator K is used, which may be necessary to achieve high perfor-
mance for relatively small tracking errors. The goal of the recovery-
guidancemaneuveris to modify the primary guidancelaw (reference
state trajectory) such that the system states can be brought close to
the referencestate trajectory,i.e., outputtrackingis recovered, with-
out saturating the actuators and without violating state constraints.
Recovery guidance from large external perturbations can also be
studied under this framework provided the perturbationis modeled
as an initial tracking error that triggers the recovery guidance gen-
erator.

III. Trajectory Recovery Guidance Scheme

Therecovery guidanceschemeaims to maneuverthe system with-
out violating input and state constraints. The approach is to mod-
ify the reference state trajectory to avoid constraint violations (see
Fig. 2). This modification, x,,4(+), is essentially open loop; how-
ever, it is assumed that the recovery guidance trajectory generator
has access to the initial tracking error (when the recovery guidance
is initiated).

With the modified state trajectory, the controllaw given by Eq. (3)
becomes (see Fig. 2)

u(t) = ug(t) +up(t)

ug (1) + K(x(t) = X1t (1)) + Kxmoa(t)

ug(t) + Ke(t) + Kxmoa(t) (5)
where

ug (1)) = Ke(t) + Kxuoa (1) (6)
and the error equation (4) becomes

e(t) = (A+ BK)e(t) + BKXmoa(t) (M

A. Use of Convexity to Generate Recovery Maneuvers

The key idea is to precompute the trajectory modification for a set
of initial conditions (from a set X ), and then use these precomputed
modifications for other initial conditions. This is summarized in
the following proposition that uses the convexity argument due to
Mayne and Schroeder.'® The proposition states that if satisfactory
recovery guidance is known for a set of initial conditions X then
satisfactory recovery guidance maneuvers can be obtained for any
initial condition in the convex hull of X, provided the following
assumption holds.

Assumption I: The regionof acceptablestatesin i" and the region
of acceptable inputs in 4 are both convex regions that contain the
origin.

Proposition 1: For each initial condition x™ (0) € X, letx” ()

mod
be a trajectory modification that enables guidance recovery while

Uy + u
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System
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generator)
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Fig.2 Recovery guidance scheme.
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satisfying the state and input constraints. Let x(0) be an initial con-
dition in the convex hull of X and A, € A, for some positive
integer p, where

P
A,=qA €N |4, =0V, e(,2,....p) and me=1

m=1

and where subscripts indicate vector components, such that

P
X0) =Y A" (0)

m=1

where the superscript denotes elements of a sequence. Then, the
trajectory modification

)4
Xmod (£) 1= § AL (@), m X mog (1)

m=1

is a valid recovery guidance law, i.e., input constraints and state
constraints are satisfied.

Proof: The error dynamics [Eq. (7)] are linear in the initial con-
dition e(0) and in the input x,,,4(-). Because e(0) and x,,4(:) are
linear combinations of ¢” (0) and x| _,(-) with the same weights for

eachm € (1,2, ..., p), the linearity of the error dynamics yields

p
e(t) = Z Apxoy,me™ (1)

m=1

where, e” (-) is the solution to the error dynamics corresponding to

the trajectory modification x7, ,(-) and initial condition €™ (0).

Letx™ (-) be the solution to the modified state equation with initial
condition x” (0) and the guidance modification x7; ,(-). Then, the
definition of the error yields

x" () = Xeer (1) +€" ()
This equality and

)"[,\'(O)Jn] =1

m=1

which follows from the definition of A, in proposition 1, imply
that

x(1) 1= X (1) +e(2)

P P
§ )\-[,\'(U).m]xrcf(t)+§ Apxoy,me™ (t)

m=1 m=1

= Z ALe©,mx™ (1) ®

Thus, the convex hull of x™(¢) forms a tube (as time varies);
assumption 1 implies that the tube is in the acceptable region of
the state space and, hence, x(-), which lies in this tube, is also ac-
ceptable.

Similarly, linearity of the modified input in e(-) and x,,4(:) [see
Eq. (5)] yields

u(t) = ug(t) + Ke(r) + Kxpoa(?)

P p
= Z)"[x(()).m]uff(t) +K Z [)"[x(()).m]em (t)]

m=1 m=1

p
+K Z [)\.[x((])_m]x:':]od (t)]

m=1

p
= Z ALey,mit” (1) C)

m=1

where u” (+) is the modified input for the initial condition x™ (0).
Thus, the convex hull of u™ (t) also forms a tube (as time varies);
assumption 1 implies that the tube is in the convex acceptableregion
of the input space and, hence, u(-), which lies in this tube, is also
acceptable. O
Remark 1: Proposition 1 is also valid for time-varying systems.

B. Decoupling Recovery Guidance from Primary Guidance

In the described approach, the guidance modification Xmeq(+)
might depend on the particular maneuver being considered; thus,
for each maneuver, the x,,q4(+) to be stored may be different even
if the initial tracking-error ¢” (0) remains the same. We propose a
method to trade off the storage requirements with performance, to
remove the dependence of guidance modification x,,,4(-) from the
primary guidance maneuver [#(-), Xrer(-)].

Note that bounds on the input components can be decoupled into
separate bounds on the feedforward and feedback by using the tri-
angle inequality

i (O] < Jugrs ()| + | K (& (1) + Xmoaiy (1))

lugo ]+ Juwn @], Vied,2...,q) (10)

The primary guidancecanbe designedto ensure that the feedforward
input components |u ;) (¢)| are within bounds, and the recovery
guidance design can be aimed at limiting the feedback components
|t (t)]. This distribution of control authority allows the bounds
on feedback input uy, to be independent of the feedforward input
ug. Thus, only the feedforward inputs, from the primary guidance,
depend on the particular maneuver.

Similarly, bounds on the state components can also be de-
coupled into bounds on the components of the error |e; ()| and
bounds on maneuver-dependent reference state trajectory compo-
nents [ X, i) ()]

lx; ()] = |x(rcf.i)(t)| + |(Xi ) _x(rcf.i)(t))|
= |x(mf_,.)(t)| + |e; (1), Vie(,2,...,n) (11)

Again, the primary guidance can be designed to ensure that
[Xrer, i) ()] is within bounds, and the recovery guidance design can
be aimed at limiting |e; (¢)|. This decoupling is formalized by the
following proposition.

Assumption 2: The region of acceptable errors in R"” and the
region of acceptable feedback inputs in h? are convex regions that
contain the origin.

Proposition2: For any initialerrore” (0) € E, letx! ,(-) be a tra-
jectory modification that enables guidancerecovery and satisfies the
errorand feedback-inputconstraints. Then, givenan initial condition
¢(0) in the convex hull of E and A, € A, for some p, such that

P
e0) =Y he.me" ()

m=1

the trajectory modification

P
Xmod () = § Ale©),mXmoa (1)

m=1

is a valid recovery guidance law, i.e., the input and state constraints
are satisfied.

Proof: This follows from arguments similar to those for the proof
of proposition 1 and inequalities (10) and (11). O

This propositionimplies that the design of the trajectorymodifica-
tion x4 can be done independently,of the particular primary guid-
ance law. However, this decoupling of the recovery guidance from
the primary guidance trades off performance for reduced storage.

IV. Recovery Guidance Generation
A. Recovery for a Single Initial Condition
Given a specific initial condition, any algorithm may be used
to find a particular recovery guidance maneuver. The aim of this
paper is not to produce a recovery guidance maneuver for a given
initial condition. Rather, the goal is to use a finite set of recovery
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guidance maneuvers to generate new recovery guidance maneuvers
for other initial conditions. However, to illustrate the method for
an arbitrary initial condition, we begin by using an optimal control
formulation to design recovery guidance maneuvers for a particular
initial condition.

The tradeoff between the need to bound the error and the need
to bound the feedback input can be posed as an optimization prob-
lem, as the minimization of [over all inputs x;,,4(-) to the error
dynamics (7)]

Ji= / {e" (1) Q.e(t) + uly (1) Rugy (t) + X7 (1) Qumoamoa (1) }
0

=/ {xrjr-lod(t) (KTRK + Qmod)xmod(t)
0
+2¢" (1) (K" RK )Xmoa(t) + € (1) (KT RK + Q. )e(t) } dt

= / {xE oa (1) Rxtmoa (1) + 26" (1) Sxmoa(t) + €7 (1) Qe () } dt
0
(12)

where Q04 is the weighting factor on the modification (x,,04) of the
primary guidance law, Q, is the weighting factor on the tracking
error e, and R is the weighting factor on the feedback input. This
optimization problem is the standard optimal control problem for
the modified error dynamics equation (7)

é(t) = (A + BK)e(t) + BKxpo(t)

with x,,04(+) as the input and e as the state. The optimal trajectory
modification law is then obtained as (see, for example, Ref. 19 for
the developmentof the standard optimal control law and conditions
on the weighting matrices)

Xmoa(t) = Ke(t) (13)
where
K =—R'W(BK)P+3S)
and P is the symmetric solution to the algebraic Riccati equation
P(A+ BK)+ (A+ BK)"P — (P(BK) + S)R™!
x (BK)'P+8)+0=0

with S‘, Q, and R as defined in Eq. (12).

Substituting the modification law into the error dynamics Eq. (7)
and solving the resulting equation yields an open-loop trajectory
modification that depends only on the initial error

Xmoa(t) = K exp[(A + BK + BKK)(t)]e(0)
:= K exp[(A + BK,)(1)]e(0) (14)

with K, = K + K K. For each initial error ¢(0), the weightings
(Q., R, and Q0q) used in the optimization cost criterion can be
different; however, only the resulting K, in Eq. (14) needs to be
stored for each of the initial conditions.

Note, again, that other algorithms may be used to obtain suit-
able recovery guidance laws for prespecified initial conditionsin E.
Alternate approachesto finding the guidance modification, X ;4 (-),
include the following.

1) The weighting factors in the given cost function Q,, R, and
Omoa can be time varying.!”

2) The optimization problem can also be posed in the frequency
domain, and the weighting factors can also be made frequency
dependent to account for bandwidth limitation of the individual
actuators >

3) Another approach is to achieve zero tracking error in finite
time."”

Next, we discuss using these precomputed recovery guidance
laws to generate recovery guidance for other initial conditions.

B. Recovery Guidance for Initial Error in Convex Hull of E

Let E be a set of initial errors for which the recovery guidance
maneuvers are known. Any initial error in the convex hull of E may
then be written as the convex combination of elements of E

e0) = > hne"(0) (15)

where e”(0) € E. This representation may not be unique; how-
ever, each representation leads to an acceptable recovery guidance
maneuver (by proposition 2).

Remark 2: The particularchoice of the convex combinatione™ (0)
can be optimized by using an additional criterion, for example, to
maximize the convergencerate of the error dynamics. Note that the
resulting error dynamics e(-) will converge as fast as (if not faster
than) the slowest e”(-) that has nonzero coefficients in Eq. (15),
which gives a lower bound to the convergence rate. Therefore, the
coefficients A,, of the convex combinationin Eq. (15) may be chosen
such that lower bound of the convergencerate is maximized.

We present one technique to find a recovery guidance law by ap-
propriately defining the set of initial errors E for which the recovery
guidance maneuver is precomputed. The technique is presented in
the following four steps.

1) Define the convex error set V, 4. Let the set of acceptable er-
rors V(. p) be defined by upper and lower bounds on the components
of the error vector, i.e., let &« € :R" and 3 € N" be given such that

o < B, Vie(,2,...,n) (16)

and any acceptable initial error e(0) € V|, 4, satisfies

a; <¢;(0) <3, Vie(1,2,...,n) 17)

2) Define the set E for which recovery guidance is precomputed.
We define the corner points of the set of acceptable errors V, gy as
the set of initial errors E for which the recovery guidance maneuvers
are precomputed, i.e.,

E:={ele=q; or e, =p;, Vie(l,2,...,n)}

Let {e"}" :%n be an enumeration of E. Each e” should be written
as e” (0); however, the dependence on time (¢ = 0) is not explicitly
stated for ease in notation.

3) Weight A for an arbitrary initial error in V, 4). The weighting
for an arbitrary initial error can be found using equations presented
in the following claim.

Claim: Any initial error e(0) € V|, g, can be written as

”
e(0) = Z Ay e (18)

m=1

where A € Ay, and

)‘-m =H}4‘(€i,€:") (19)

with
Yi (ei, elf”) = B~ if ¢ =q
Bi -
=224 i =g, (20)
Bi —
Proof: This follows from an induction argument. O

4) Use A to determine the recovery guidance maneuver. In this
final step, the weighting A found from Eq. (18) is used to generate
the recovery guidance maneuver as discussed in proposition 2.

Remark 3: The performance of the recovery guidance maneuvers
can be improved by decomposingthe set of initial errors into smaller
sets Viyi gy, J € (1,2, ..., J), and developing recovery guidance
maneuvers for each of the smaller sets. This can lead to improved
performance;however,italsorequiresan increasein storage (to store
precomputed recovery maneuvers for the corner points of each of
the smaller sets).
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V. Example
A. System
The recovery guidance problem for a system with a rate-limited
servoactuator is considered in the following example. Let the air-
craft dynamics be described by (linearized altitude dynamics of a
transport aircraft with direct-1ift flaps, see Example 8.3 in Ref. 21)

X (1) = x(1), X (1) = —1L.4x,(1) 4+ 508 4 ()
2n
y(®) = x1(r)

where y, y, and y, i.e., x|, X,, and X,, are the incremental altitude
(from a nominal altitude), velocity, and acceleration, respectively.

Rate-Limiter

u o 1 O¢ 50 y
+_$ T sc+1d |

Gain=10

Servo-Actuator Altitude Dynamics

Fig.3 Example system.
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Additionally (as is typical in aircraft control), we consider the case
when the input §;(7) is not directly accessible and is generated
through a servoactuator(see Fig. 3). We consider rate boundedness
of the servoactuatorand represent its dynamics by*?

87(t) = 10[u(t) — 8,(1)] (22)

where the commanded input is u(f) and the actual input applied by
the servosystemto the aircraftis 8, (¢). If saturationis avoided, then
the state-space model of the entire system can be described as
X1(t) = x (1), Xo(t) = —1.4x,(¢) + 50x3(t)
(23)
X3(t) = —10x5(t) + 10u(r)

where x3(t) = §,(f) and x,, x,, and x5 are the componentsof the state
vectorx. Further, afeedbacklaw, up, = K (x —x,), 1s assumedto be
given such that the closed-loop system is stable. For all simulations,
K is fixed as

K=[-31.6 —24 -—4]

-2

(=]
N
A~
@
@
>

0.3

0.2

2 4 6 8 10

Fig.4 Primary guidance law; horizontal axis represents time.

0 2 4 6 8 10

1000

ot (5,)

-10

0 2 4 [} 8 10

Fig.5 Results with input saturation: initial position error = 1 and initial velocity error =0; - - - - - , primary guidance; horizontal axis represents time.
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B. Constraints
The servorate is limited by

18,()] = 110[u(t) — 8 ;]| < 10 (24)

This constraint can be rewritten as |u(t) — §;(¢)| < 1, which is
converted to limits on the states and inputs as

lu(t)| < 0.5
(25)
18, = lx(0)] < 0.5

Remark 4: This example illustrates a technique to convert con-
straints on a general variable v that is linear in the input and state

v(t) = Fix(t) + Fou(t)

into constraintson the state and input. For example, |v(f)| < vy can
be written as [x(#)lloc < 0/l Filloo) Vmax and [w ()l <[(1 — 0)/
[l F |l oo 1Vmax » Where || X () || o := max; |x;(¢)|is the standard co norm
in N, with 0 < 6 < 1. Itis assumed that both F; and F, have at
least one nonzero term. || F; || o, is the standard induced co-norm for
i=Tlandi =2 F e :=sup,qycur IFplloc/ Yl

In the following, the control authority is split 50-50 between the
primary guidanceand the recovery guidanceas follows: the primary

A

3

e (55 el, 5.5

€

A\ 4

€3, (55 €2 (59

Fig. 6 Shaded area represents convex set of initial errors. Recovery
maneuvers are precomputed for the corner points (¢!, €2, €3, and ¢*).
These precomputed maneuvers are then used for online generation of
recovery maneuvers for any other initial error in the shaded region.

2 4 6 8 10

guidance generator is to ensure that the magnitude of the servorate
is less than half the maximum limit, i.e.,
lug ()] < 0.25, |x3.(1)] < 0.25 (26)

and the recovery guidance generator should ensure that the magni-
tude of the servorate does not exceed half the maximum limit, i.e.,

lug (1)) < 0.25
(27)
les(t)] = |x3(t) — x5, ()| < 0.25

C. Design of the Primary Guidance Generator

Let a desired output profile y,(-) and its first, second, and third
: : : {1 5@ 6) :
time derivatives [y, y,” y,”] be given. Then, the exact-output

tracking input state trajectory can be found from Eq. (23) as

Xlref Ya

1)
Xorer (() = Ya ) (28)
it %[y + 14y7]

where the superscriptin parentheses is for time derivative. The ex-
istence of the time derivatives of the desired output is a necessary
condition for exact tracking’ The exact-tracking input trajectory
ug () is obtained by differentiating x3,; with respect to time in
Eq. (28) to get

ug(t) = 2 [y (0 + 11492 (1) + 149" (1) ] (29)

Note that the restrictions on the primary guidance, Eq. (26), may
imply that some of the desired trajectory profiles may not be fea-
sible, thus requiring the redesign of the desired output trajectory
profiles (see Ref. 23 for an optimal approach to output-trajectory
redesign for invertible systems). Figure 4 shows a primary guid-
ance trajectory for changing the position y from 0 to 10 units; here
the initial state error is zero. Figure 5 shows the system response
to a nonzero initial condition when the servorate was allowed to
saturate. Note the rapid degradation of tracking performance. The
initial position error was 1 unit (note that the maximum change in
position is 10 units), and all other state components had zero error.
Note that the controller would give satisfactory performance if the
initial error was relatively smaller (so that the servorate does not
saturate); in such cases recovery guidance is not needed. Next, we
discuss the generationof the recovery guidance maneuvers for large
initial errors.

0 2 4 6 8 10

Fig. 7 Precomputed maneuver: initial position error = 5 and initial velocity error = 5; - - - - - , primary guidance, and ——, modified maneuver;

horizontal axis represents time.
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D. Development of Recovery Guidance

To reduce the number of simulations, in the following discussion
itis assumed that the initial condition of the actuator state x; is zero,
i.e.,initialerrors have the form [e; e, 0]7.If theinitial conditionof
the actuator state is nonzero, then the only change is that the number
of initial errors (corner points of the error set) for which recovery
guidance will have to be precomputed increases from 22 to 23 (and
4 more simulations will have to be presented). In the simulations,
the initial tracking errors in the position and velocity are assumed
to be in the following range (see Fig. 6) |e;| < 5 and |e,| < 5. This
initial error of 5 units is large; it is 50% of the maximum change in
position (10 units) during the entire maneuver (see Fig. 4).

For this particular example, we compute recovery guidance laws
for four extreme initial errors (e', €2, e, and e*, which are corner
points of the set of acceptableinitial errors in Fig. 6), and the results
of the recovery guidance maneuvers are shown in Figs. 7-10. Even
with substantially large initial tracking errors the resulting recovery
guidance maneuvers lead to recovery of trajectory tracking without

2 4 6 8 10

violating input and state constraints (compare Figs. 7-10 with the
case without recovery guidance in Fig. 5). However, the design of
such recovery guidance requires the manipulation of the weight-
ing matrices in the cost criterion and requires repeated simulations
to check performance. This design is not computationally feasible
online for an arbitrary initial condition. The idea is to generate re-
covery guidance laws that satisfy the system and input constraints
for a few initial conditions (e', €2, €3, and e*) and then use these to
generate online recovery guidance laws for other initial conditions.

For the present problem, the other acceptable initial conditions
are in the shaded area defined by the four extreme (corner) points
in Fig. 6. An acceptable initial error e¢(0) can then be written as a
convex combination of the corner points (!, €2, e, and €*) as (see
steps 1-3 in Sec. IV.B)

0 2 4 6 8 10

Fig. 8 Precomputed maneuver: initial position error = 5 and initial velocity error = —5; - - - - - , primary guidance, and ——, modified maneuver;

horizontal axis represents time.

2 4 6 8 10

2 4 <] 8 10

Fig. 9 Precomputed maneuver: initial position error = — 5 and initial velocity error = 5; - - - - - , primary guidance, and ——, modified maneuver;

horizontal axis represents time.
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with
2
A = Hyi[ei(()), elf"] =y [31(0), e:n]}/z[ez(o), e;ﬂ]
i=1
where
nle©),er] = Ll +51 if  me{1,2}
—L5—e )] if me(3,4)
(30)
yole0), er] = tle ) +51  if  me{l,4}
==[5-e0] if me{2,3)

The recovery guidance law can then be written as a convex combi-
nation of the precomputed recovery guidance laws (for the corner
points) as in proposition 2.

2 4 6 8 10

E. Results

Simulationresultsare presentedin Fig. 11, which show the results
of the recovery guidance maneuver: Output tracking was achieved
without violating the constraints. Note that these results (Fig. 11)
are for the same initial condition error that 1) led to rate saturation
and 2) led to loss of tracking when recovery guidance was not used
(compare Figs. 5 and 11). In contrast, the recovery guidance ma-
neuver (Fig. 11) guaranteed the satisfaction of the state and input
constraints. A second case was consideredto representa larger error
in initial conditions; the magnitude of initial position error was in-
creased from 1 to 2.5 units, and initial velocity error was increased
from O to 5 units. Note that the new recovery guidance maneuver
was notdesignedonline, but was found as a combinationof precom-
puted maneuvers. As seen in Fig. 12, output tracking was still re-
coveredby the guidance generator without saturating the servoinput

rate.

0 2 4 <] 8 10

Fig. 10 Precomputed maneuver: initial position error = — 5 and initial velocity error =—5;- - - - - , primary guidance, and ——, modified maneuver;

horizontal axis represents time.

0 2 4 6 8 10

0 2 4 6 8 10

Fig.11 Results of recovery guidance using precomputed trajectories: initial position error = 1 and initial velocity error = 0; - - - - - , primary guidance,

and ——, modified maneuver; horizontal axis represents time.
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2 4 6 8 10 2 4 6 8 10
Fig. 12 Results of recovery guidance using precomputed trajectories: initial position error = — 2.5 and initial velocity error = 5; - - - - - , primary
guidance, and ——, modified maneuver; horizontal axis represents time.

VI. Conclusions

A method to modify guidance laws to recover trajectory tracking
without violating input and state constraints was presented. The
technique uses recovery guidance laws that are precomputed for
a few initial conditions to generate satisfactory recovery guidance
maneuvers for other initial conditions. The technique was applied to
an illustrative example with a rate-limited actuator, and simulation
results were presented. Simulations showed that recovery guidance
can successfully achieve recovery of trajectory tracking even with
relatively large initial trackingerrors. In contrast, for the same initial
conditions,if suchrecovery guidance maneuvers were notused, then
actuator rate saturation led to eventual loss of tracking.
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